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Abstract We introduce and study a deterministic lattice model describing the motion of an
infinite system of oppositely charged particles under the action of a constant electric field.
As an application this model represents a traffic flow of cars moving in opposite directions
along a narrow road. Our main results concern the Fundamental diagram of the system
describing the dependence of average particle velocities on their densities and the Phase
diagram describing the partition of the space of particle configurations into regions having
different qualitative properties, which we identify with free, jammed and hysteresis phases.

Keywords Diffusive driven system · Traffic flow · Phase transition

1 Introduction

It is well known that far from equilibrium statistical physics systems may demonstrate a
very complex behavior even on the level of their stationary states. In general, such non-
equilibrium stationary (steady) states depend sensitively on the details of the microscopic
dynamics which leads to a very diverse organization at the macroscopic level. An important
class of such systems is represented by driven diffusive systems (DDS), describing the be-
havior of interacting diffusing particles driven into selected spatial directions by an external
force. Models of this sort are widely used to describe vehicular and pedestrian traffic [7, 8,
14, 21], water droplets in microemulsions with distinct charges [2], and numerous biological
problems from molecular motors to protein synthesis (see e.g. [1, 23]).

Basic ideas used in these models were introduced originally in [19] as a simple modi-
fication of the Ising lattice gas. From that time tens of publications have been devoted to
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this subject. From the point of view of mathematics these processes are close relatives to
asymmetric exclusion processes and topological Markov chains.

The simplest model of this sort can be described as follows. Consider a finite one-
dimensional lattice with periodic boundary conditions (i.e. a ring). Each site of the lattice
is either vacant (·) or occupied by a positive (+) or negative (−) particle. Positive particles
are driven to the right and negative particles are driven to the left. The dynamics is random-
sequential, i.e. at each time step a pair of nearest neighbor sites is selected at random and
particles or vacancies located at these sites are exchanged according to the following set of
probabilities:

P(+− → +−) = β, P(−+ → +−) = 0,

P(+ · → · +) = P( · − → − ·) = 1.

Here the parameter 0 < β ≤ 1 plays the role the time delay required to exchange neighboring
positive and negative particles +−. Numerical studies and mean-field type approximations
of this model and its two-lane generalizations have been a subject of a large number of
publications (see e.g. [1, 2, 9–13, 15–20] and further references therein).

Our aim is to introduce a deterministic version of a DDS and to study rigorously its
limit dynamics (as time goes to infinity) on the infinite integer lattice Z. In order to do this
we first pass from the random-sequential to synchronous movement of particles (when all
particles are trying to move simultaneously), and then construct deterministic exchange rules
for particles of different signs. The simplest way to achieve the second goal is to replace the
random exchange with the introduction of the waiting time τ = 1/β before the exchange.
(Indeed, the average waiting time in the random exchange version is exactly 1/β .) Further
on we assume that the parameter τ takes only positive integer values.

To define the synchronous movement of particles one needs to resolve the problem with
the presence of triples + · − (positive and negative particles separated by a single vacancy)
additionally to couples +− considered in the asynchronous case. In the case of a triple + ·−
both positive and negative particles are trying simultaneously to exchange their positions
with the same vacancy (which cannot happen under the asynchronous updating). We assume
that in this case the waiting time before the particles exchange their positions is equal to
τ +1.1 The situations +− and + ·− we call short and long interactions, while the situations
++ and −− when a particle is blocked by another particle of the same sign we call simple
interactions. Using the notion of interactions the dynamics can be described as follows.
All particles in a configuration are trying to move in the direction corresponding to its sign
by one position. If the particle does not interact with others then it makes a move. If the
short/long interaction takes place then the particle waits for τ or τ +1 time steps (depending
on the interaction type) before to start moving, while in the case of the simple interaction the
particle simply preserves its position. As an example consider the dynamics of a spatially
periodic configuration with τ = 2 (only the main period of length 17 containing 4 positive
(+) and 2 negative (-) particles and 11 vacancies (.) is shown):

+..+....-..++...- t = 0
.+..+..-...+.+.-. t = 1
..+..+-.....++.-. t = 2
...+.+-.....++.-. t = 3

1One might argue that after the first time step both particles move to the vacant site and then use the standard
waiting time τ to make further exchanges.
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....+-+.....+-.+. t = 4

....+-.+....+-..+ t = 5
+...-+..+...-+... t = 6
.+.-..+..+.-..+.. t = 7
.+.-...+.+.-...+. t = 8
.+.-....++.-....+ t = 9
+-.+....+-.+..... t = 10
+-..+...+-..+.... t = 11
-+...+..-+...+... t = 12
..+...+-..+...+.- t = 13
...+..+-...+..+.- t = 14
....+.-+....+.+.- t = 15

Here the first two positive particles and the first negative particle move freely until the
short interactions with the 1st negative particle consecutively take place at time t = 2 and
t = 4. Then after 2 time steps the positive and negative particles exchange their positions.
The 3rd positive particle at the 1st time step makes a simple interaction with the 4th positive
particle. The 4th positive particle starting from t = 1 is making a long interaction with the
2nd negative particle during three time steps, then exchange their positions, etc. Note that
due to the spatial periodicity after the 5th time step a positive particle “moves” from the 17th
to the 1st position, while after the 12th time step a negative particle “moves” from the 1st to
the 17th position.

In fact, this model is not Markov since the information about present positions of particles
alone does not allow to predict the future motion of particles (due to the time delays during
particle interactions) and to make the model precise one needs to introduce the notion of
particles states which will be done in Sect. 2.

The analogy between the classical gas-liquid transition and stationary states in interacting
particle systems is well known and discussed at length in the literature. The gaseous or
laminar phase corresponds to the situation when particles almost never interact with each
other and thus move with constant velocities. Typically this happens at low particle densities.
In the liquid phase (which occurs normally at high densities) the particles are located close
to each other and mutual interactions organize them into clusters (traffic jams). Additionally
there might be an intermediate or hysteresis phase when both types of particle behavior
coexist.

In our case the classical laminar phase cannot take place since particles moving in op-
posite directions interact inevitably. To overcome this difficulty we say that a particle is
becoming free starting from a certain time t0 ≥ 0 if for ∀t ≥ t0 it does not take part in simple
interactions. In other words, after an initial transient period of length t0 the particle stops
interacting with particles of the same sign. Then instead of the laminar phase we consider
a pair of eventually free positive and negative phases defined as subsets Free∞

± of the set of
all particle configurations as follows. A configuration belongs to Free∞

+ if each its positive
particle becomes free after a finite transient period, which might depend on the particle. The
set Free∞

− is defined in the same way but for negative particles. Similarly instead of the liq-
uid phase we consider two eventually jammed (notation Jam∞

± ) phases having the property
that clusters of particles of the corresponding sign are always present after some transient
period. The cases when the length of the transient period is equal to zero we denote by Free±
and Jam± respectively. Note that the sets of eventually free and eventually jammed config-
urations of different signs have nonempty intersections and that it is possible that an initial
configuration has no interacting particles but under dynamics they will start interacting and
form “jams”.

Our main results are formulated in the following two theorems. We start with qualitative
results justifying our discussion of phase transitions and giving an inner characterization of
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Fig. 1 (Left) Fundamental diagram: dependence of the limit average velocity V on the density ρ of positive
particles with the fixed density ρ̃ < 1/(τ + 2) of negative particles. The average velocity Ṽ of negative
particles is indicated by a thin line. Values ρc,ρ

′
c indicate boundaries of the hysteresis phase. (Right) Phase

diagram: A ⊂ Free∞+ ∩ Free∞− , B ⊂ Free∞+ , C ⊂ Free∞− . The region H := {0 ≤ ρ + ρ̃ ≤ 1} \ (A ∪ B ∪ C)

between thick and thin lines belongs to the hysteresis phase

individual configurations belonging to each phase. To this end in Sect. 3 we introduce the
notion of signed (positive and negative) (proto)clusters2 of particles. By the life-time of a
(proto)cluster one means the duration of time until it ceases to exist. Exact definitions and
discussion see in Sects. 2, 3.

Theorem 1.1 Let for a configuration x the densities of positive and negative particles
(ρ(x), ρ̃(x)) be well defined. If

(a) (τ + 2)ρ(x) < 1 + (τ − 1)ρ̃(x) then x ∈ Free∞
+ .

(b) (τ + 2)ρ̃(x) < 1 + (τ − 1)ρ(x) then x ∈ Free∞
− .

(c) (τ + 1)ρ(x) > 1 + (τ − 1)ρ̃(x) then x ∈ Jam∞
+ .

(d) (τ + 1)ρ̃(x) > 1 + (τ − 1)ρ(x) then x ∈ Jam∞
− .

To formulate quantitative results consider a partition of the triangle � := {(ρ, ρ̃) : 0 ≤
ρ + ρ̃ ≤ 1, ρ, ρ̃ ≥ 0} (describing all possible pairs of densities) made by 4 straight lines:

(τ + 1)ρ = 1 + (τ − 1)ρ̃, (τ + 2)ρ = 1 + (τ − 1)ρ̃,

(τ + 1)ρ̃ = 1 + (τ − 1)ρ, (τ + 2)ρ̃ = 1 + (τ − 1)ρ

(see Fig. 1 (right)). Denote

A := {(ρ, ρ̃) ⊂ � : (τ + 2)ρ < 1 + (τ − 1)ρ̃, (τ + 2)ρ̃ < 1 + (τ − 1)ρ},
B := {(ρ, ρ̃) ⊂ � : (τ + 2)ρ < 1 + (τ − 1)ρ̃, (τ + 1)ρ̃ > 1 + (τ − 1)ρ},
C := {(ρ, ρ̃) ⊂ � : (τ + 1)ρ > 1 + (τ − 1)ρ̃, (τ + 2)ρ̃ < 1 + (τ − 1)ρ},
H := � \ (A ∪ B ∪ C).

2Roughly speaking a protocluster is a collection of particles of the same sign which will form a true cluster in
future. A configuration x ∈ Jam∞± may contain no infinite life-time clusters but in that case there are infinite
life-time protoclusters.
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Theorem 1.1 implies that A ⊂ Free∞
+ ∩ Free∞

− , B ⊂ Free∞
+ ∩ Jam∞

− , C ⊂ Free∞
− ∩ Jam∞

+ .

Theorem 1.2 Let the densities of both positive and negative particles ρ, ρ̃ in the initial
configuration be well defined. Then the corresponding average particle velocities V, Ṽ are
well defined as well and depend only on the particle densities according to the following
relations:

V (ρ, ρ̃) = 1 + (τ − 1)(ρ − ρ̃)

1 + (τ − 1)(ρ + ρ̃)
, Ṽ (ρ, ρ̃) = 1 + (τ − 1)(ρ̃ − ρ)

1 + (τ − 1)(ρ + ρ̃)
if (ρ, ρ̃) ∈ A,

V (ρ, ρ̃) = 1

τ
, Ṽ (ρ, ρ̃) = 1

τ

(
1

ρ̃
− 1

)
if (ρ, ρ̃) ∈ B,

V (ρ, ρ̃) = 1

τ

(
1

ρ
− 1

)
, Ṽ (ρ, ρ̃) = 1

τ
if (ρ, ρ̃) ∈ C.

Note that Theorem 1.1 gives a qualitative description of the asymptotic dynamics, while
Theorem 1.2 describes it in quantitative terms. It is worth mention also that without a sys-
tematic preliminary numerical modelling which allow us to understand qualitatively the
local structure of the particle flow even the formulation of results proven in this paper would
be impossible.

Proofs of these results ideologically are based on the machinery of the analysis of life-
times of particle clusters developed in [4–6] where deterministic interacting particle systems
with a single type of particles were studied. The presence of particles moving in the opposite
direction together with two types of interactions (short and long) complicates significantly
the behavior of the system. In particular, new clusters may be born in a free flow of particles,
and the asymptotic dynamics depends on two parameters (densities of positive and negative
particles). Therefore the technics has been changed a lot and yet we are able to give only
lower and upper estimates of the life-times. Nevertheless these estimates allow to find exact
boundaries of all phases present in the model.

The paper is organized as follows. In Sect. 2 we give the formal description of the model
and main statistical quantities under study: particle densities, average velocities, etc. In the
absence of clusters the dynamics of particles is trivial (except from interactions between
particles of opposite signs). Therefore to study the model we need to analyze the dynamics
of clusters of particles and their “life-times”. Exact definitions of these objects and corre-
sponding mathematical results are discussed in Sect. 3. Duality relations between positive
and negative particles allow us to calculate in Sect. 4 average particle velocities under the
assumption that they are well defined. The latter is connected to the proof of our main results
formulated in the Introduction and given in Sect. 5. Section 6 is dedicated to the analysis
of the region of the Phase diagram where different phases coexist. In Sect. 7 we apply our
results to study a model of an active tracer moving with or against the particle flow, and
Sect. 8 is dedicated to the generalization of qualitative results for the case of configurations
for which particle densities are not well defined.

2 The Model

The main disadvantage of the model discussed in the Introduction is that the information
about the present positions of particles alone without the knowledge for how long currently
occurring interactions already take place does not allow to define the future motion of par-
ticles. In order to overcome this difficulty we introduce the notion of a state of a particle
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which takes into account the complete information about the occurring interactions. Let us
give formal definitions.

By a configuration we mean a bi-infinite sequence x = {xi}∞−∞ with elements from the
alphabet {−τ − 1,−τ, . . . ,−1,0,1, . . . , τ, τ + 1}. Positive entries correspond to positive
particles, negative entries to negative ones, while zero entries correspond to vacancies. Non
zero entries will be referred as states of particles located at corresponding sites. The states
will be used to take into account the delays during interactions of positive and negative
particles. Thus the largest value of the state τ + 1 corresponds to the long interaction.

The set of admissible configurations X consists only of configurations x satisfying the
condition that for each i ∈ Z

• if xi > 1 then either xi+1 = −xi or xi+1 = 0 and xi+2 = −xi , additionally xi = τ + 1
implies xi+1 = 0;

• if xi < −1 then either xi−1 = −xi or xi−1 = 0 and xi−2 = −xi , additionally xi = −τ − 1
implies xi−1 = 0.

These conditions imply restrictions only to positions of interacting particles having states
greater than one on modulus. For example, the configuration . . .1101̃011̃000202̃00 . . . is
admissible (here 1̃ and 2̃ stand for −1 and −2), while . . .1101̃011̃000201̃00 . . . is not, since
the last two particles separated by a single vacancy 201̃ are supposed to be mutually inter-
acting (according to their positions) but their states differ on modulus.

By xt := T tx, t ∈ Z+ ∪ {0} we denote the state of the configuration x at time t , as-
suming that the initial state x0 is given by x. Here T : X → X is the map describing the
dynamics which we define on the level of individual particles in the configuration x ∈ X in
the following three steps:

1. First consider sites i, i ′ with |i ′ − i| ≤ 2 containing mutually interacting particles with
xt

i > 1 and xt
i′ = −xt

i and set xt+1
i := xt

i + 1, xt+1
i′ := xt

i′ − 1. Then if i ′ − i = 1 (short
interaction) and xt+1

i > τ or if i ′ − i = 2 (long interaction) and xt+1
i > τ + 1 set xt+1

i :=
−1, xt+1

i′ := 1.
2. Then consider the sites i with xt

i = 1.
(a) if xt

i+1 = 0 and xt
i+2 �= −1 then set xt+1

i := 0, xt+1
i+1 := 1;

(b) if xt
i+1 = 0 and xt

i+2 = −1 then set xt+1
i := 2, xt+1

i+2 := −2;
(c) otherwise if xt

i+1 = −1 then set xt+1
i := 2, xt+1

i+1 := −2.
3. It remains to consider the sites i with xt

i = −1 which were not taken into account during
the step 2. If xt

i−1 = 1 set xt+1
i−1 := −1, xt+1

i := 0; otherwise do nothing.

In words, if a particle is not interacting it simply moves by one position in the direction
corresponding to its sign (rule 2.a and 3). In case of the simple interaction (the particle is
blocked by another particle of the same sign) it does not move an does not change its state. If
the short/long interaction takes place the particle preserves its position but its state changes
by ±1 depending on the particle sign (see rule 1) until it reaches on modulus the value τ

(in the case of the short interaction) or τ + 1 (in the case of the long interaction). After that
the particles get the states ±1 (preserving original signs) and exchange their positions. The
rules 2.b and 2.c take care about the initial stage of interactions.

Using the notation 1̃ = −1, 2̃ = −2, 3̃ = −3 we can rewrite the example of dynamics of
a spatially periodic configuration (see the formal definition below) with τ = 2 described in
the Introduction as follows:

100100001̃00110001̃ t = 0
01001001̃00010101̃0 t = 1
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0010011̃000001202̃0 t = 2
0001022̃000001303̃0 t = 3
000011̃10000011̃010 t = 4
000022̃01000022̃001 t = 5
10001̃10010001̃1000 t = 6
0101̃00100101̃001̃00 t = 7
0202̃00010202̃00010 t = 8
0303̃00001303̃00001 t = 9
11̃01000011̃0100000 t = 10
22̃00100022̃0010000 t = 11
1̃10001001̃10001000 t = 12
00100011̃001000101̃ t = 13
00010022̃000100202̃ t = 14
0000101̃1000010303̃ t = 15

Invariance of the set of admissible configurations follows immediately from the definition
of the map T . Observe also that the restriction of the map T to the subset of admissible
configurations containing only entries from the alphabet {0,1} coincides with the classical
Nagel-Schreckenberg traffic flow model (see e.g. [5, 22]).

For a configuration x ∈ X by the density of positive particles ρ(x, I ) in a finite lattice
segment3 I = [n,m] := {i ∈ Z : n ≤ i ≤ m} we mean the number of positive particles from
the configuration x located in I divided by the total number of sites in I (notation |I |), and
by ρ̃(x, I ) the corresponding value for the negative particles. If for any sequence of nested
finite lattice segments {In} with |In| n→∞−→ ∞ the limits

ρ(x) := lim
n→∞ρ(x, In), ρ̃(x) := lim

n→∞ ρ̃(x, In)

are well defined and do not depend on {In} we call ρ(x) the density of positive particles and
ρ̃(x) the density of negative particles in the configuration x ∈ X. Otherwise one considers
upper and lower particle densities ρ±(x), ρ̃±(x).

Lemma 2.1 Particle densities are conserved under dynamics, i.e. ρ±(xt ), ρ̃±(xt ) do not
depend on t < ∞.

Proof For a given lattice segment I ∈ Z the number of particles from the configuration
xt ∈ X which can leave it during the next time step cannot exceed 2 and the number of
particles which can enter this segment also cannot exceed 2. A close look shows that the
total number of particles that can leave or enter this segment cannot exceed 2, because if a
particle leaves the segment through one of its ends no other particle can enter through the
same end. Therefore

|ρ(xt , I ) − ρ(xt+1, I )| · |I | ≤ 2

which implies the claim in the case of positive particles. The proof in the case of negative
particles is exactly the same. �

A configuration x ∈ X is said to be spatially periodic with period L ∈ Z if xi = xi+L

∀i ∈ Z. Such configurations represent an important class of admissible configurations for

3We shall use also the notation x[n,m] for lattice segments to specify the configuration x.
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which both positive and negative particle densities are well defined. A direct check demon-
strates that the spatial periodicity and its period4 are preserved under dynamics. Therefore
the dynamics of spatially periodic configurations of period L is equivalent to the dynamics
on the finite segment of the integer lattice of length L with periodic boundary conditions
(i.e. to the only situation suitable for numerical modelling). The total number of admissible
configurations on this lattice segment cannot exceed L2τ+3, which implies eventual period-
icity in time5 of the dynamics. Thus a trajectory {T tx}t≥0 of the original infinite system with
a spatially periodic initial configuration x ∈ X is eventually periodic in time as well.

We say that particles of the same sign located at sites i ′ < i are consecutive if all sites
between them are either vacant or occupied by particles of the opposite sign. Consider a pair
of consecutive positive particles. The following result shows that the distance between these
particles (calculated as i − i ′ − 1) can shrink to zero with time but cannot be enlarged much.
(Compare with the incompressibility property of a conventional fluid!)

Lemma 2.2 Let X̂ be a collection of admissible configurations x having a pair of consec-
utive positive particles at sites i ′ < i. Denote by i ′(xt ), i(xt ) positions of these particles at
time t in the configuration xt and by D(xt ) := i(xt ) − i ′(xt ) − 1 the distance between them.
Then

0 = inf
x∈X̂

lim inf
t→∞ D(xt ) < sup

x∈X̂

lim sup
t→∞

D(xt ) < 2τ(i − i ′). (2.1)

Proof The lower estimate follows from the observation that, independently on the initial
distance between the particles, there might be a large enough “jam” of positive particles
ahead of them which will stop the leading particle and allow the rear one to catch up with it.

To prove the upper estimate observe that without interactions with negative particles the
distance D(xt ) cannot grow in time. Note also that a finite number of negative particles
located initially in the segment [i ′, i] can give only a constant contribution to the variation
of the distance between the particles. Therefore it is enough to consider only the case when
initially there are only vacancies in the segment [i ′ +1, i −1]. Denote by t1 the first moment
of time when the leading particle meets a negative one, by t ′1 the duration of the interaction
between them (which might take values τ or τ + 1), by t2 the time between the end of this
interaction and the moment when the rear particle meets with the same negative particle,
and by t ′2 – the duration of the latter interaction. Then we have

i ′(xt1+t ′1) = max{i ′(xt1) + t ′1, i(x
t1) − 1},

i(xt1+t ′1) = i(xt1) + 1 + (t ′1 − τ),

i ′(xt1+t ′1+t2) = i ′(xt1+t ′1) + t2,

i(xt1+t ′1+t2) ≤ i(xt1) + 1 + (t ′1 − τ) + t2,

i ′(xt1+t ′1+t2+t ′2) = i ′(xt1+t ′1+t2) + 1 + (t ′2 − τ),

i(xt1+t ′1+t2+t ′2) ≤ i(xt1) + 1 + (t ′1 − τ) + t2 + t ′2.

4The minimal spatial period may decrease under dynamics.
5A trajectory becomes periodic in time after some finite transient period.
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Therefore

D(xt1+t ′1) = i(xt1+t ′1) − i ′(xt1+t ′1) − 1

= max{i(xt1) − i ′(xt1) − τ + 1 − 1,2} ≤ max{D(xt1),2},
D(xt1+t ′1+t2) = i(xt1+t ′1+t2) − i ′(xt1+t ′1+t2) − 1

≤ i(xt1) + (t ′1 − τ) + t2 − max{i ′(xt1) + t ′1, i(x
t1) − 1} − t2

≤ max{i(xt1) − i ′(xt1) − τ − 2,2} ≤ max{D(xt1),2},
D(xt1+t ′1+t2+t ′2) = i(xt1+t ′1+t2+t ′2) − i ′(xt1+t ′1+t2+t ′2) − 1

≤ i(xt1) + (t ′1 − τ) + t2 + t ′2 − max{i ′(xt1) + t ′1, i(x
t1) − 1}

− t2 − 1 − (t ′2 − τ)

= i(xt1) + t ′1 − 1 − max{i ′(xt1) + t ′1, i(x
t1) − 2}

≤ max{i(xt1) − i ′(xt1) − 1, t ′1} ≤ max{D(xt1), τ + 1}.

This implies the result since the contribution from a single negative particle located initially
in the segment [i ′, i] cannot exceed τ + 1 and the number of such particles cannot be larger
than i − i ′ − 1. �

Remark 2.3 Result of Lemma 2.2 is not obvious and is not what one expects here. Indeed,
due to the presence of two types of interactions: short and long, one would expect that if the
leading particle in the pair takes part only in short interactions while another one takes part
only in long interactions, then the distance between them grows linearly in time. Lemma 2.2
demonstrates that this is not the case. An important property that we use here is that the
difference between the duration of long and short interactions is exactly equal to one. If this
would not be the case the distance between the particles indeed might grow with time.

Let us introduce now the notion of the average velocity of a particle. For a configuration x

denote by it the location of a certain particle at time t ≥ 0 located originally at site i = i0. By
a finite time velocity of this particle we mean V (x, i, t) := 1

t
|it − i0|. If the limit V (x, i) :=

limt→∞ V (x, i, t) is well defined we call it the average velocity of the particle. To distinguish
between the positive and negative particles in the latter case we use the notation Ṽ (x, i).

Our aim now is to show that the average velocity does not depend on the choice of a
particle.

Lemma 2.4 Let x be an admissible configuration and assume that for a positive particle
originally located at site i the average velocity V (x, i) is well defined. Then for any posi-
tive particle in the configuration x the average velocity is well defined and coincides with
V (x, i).

Proof Denote by î the location at time t = 0 of the next positive particle located to the right
from i. As usual we denote by it , ît , t ≥ 0 positions of these particles at time t ≥ 0. Then
we have

V (x, î, t) = 1

t
(ît − î0) = 1

t
(it − i0) + 1

t
(ît − it ) + 1

t
(i0 − î0).
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Applying Lemma 2.2, according to which 1 ≤ î t − it ≤ 2τ |i − î|, we get

|V (x, î, t) − V (x, i, t)| ≤ 1

t
(ît − it ) + 1

t
|i0 − î0| ≤ 2τ + 1

t
|i − î| t→∞−→ 0.

Thus V (x, i) = V (x, î). Using the same argument one extends this result to neighboring
positive particles, and repeating it to all positive particles in the configuration. �

Corollary 2.5 The invariance of velocities of negative particles can be proven along the
same argument. Using these results we may drop the dependence on the index i in the defi-
nition of the average velocity.

3 Dynamics of (Proto)clusters and Their Basins of Attraction (BA)

For a collection of consecutive particles of the same sign ordered with respect to their sign
(i.e. according to their positions in the case of the positive sign, and in the opposite way
in the case of the negative sign) we call rear/leading the first/last particle with respect to
this order. By a cluster (of particles) we mean a segment J = x[m′,m], m′ < m of the
configuration x consisting only of particles of the same sign (called the body of the cluster)
and in which the leading particle is interacting with a particle of the opposite sign (called the
root of the cluster) and the site next to the rear particle is vacant or is occupied by a particle
of the same sign as the root. The sign of a cluster is identified with the sign of particles in its
body. Depending on the type of the interaction between the leading particle and the root we
say that the cluster has a short or long root. The right hand side of the diagram below shows
positive clusters with short and long roots, while the left hand side demonstrates how these
clusters may be created:

. . .+· · ·+︸ ︷︷ ︸
body

· · · −︸︷︷︸
root

. . . ⇒

⎧⎪⎪⎨
⎪⎪⎩

. . . ++︸︷︷︸
body

−︸︷︷︸
short root

. . .

. . . ++︸︷︷︸
body

· −︸︷︷︸
long root

. . .

In distinction to other deterministic transport flow models (see e.g. [3–6]) in the model
under consideration new clusters might be created even in the absence of clusters in the
initial configuration.

In order to control events of this sort we introduce the notion of a protocluster6 as a pair
of consecutive particles of the same sign and a particle of the opposite sign satisfying the
property that these three particles will form a true cluster and the moment when the leading
of these two particles will start interacting with the rear one is the moment of the creation of a
new cluster. In other words, they do not join an existing cluster. The minimal lattice segment
containing this pair of particles is called the body of a protocluster and the particle of the
opposite sign with which they will form the cluster—its root. The sign of a protocluster is
again identified with the sign of particles in its body. Example of a positive protocluster and
clusters which it may form are shown in the diagram above. Note that between the body and
the root of a protocluster there might be some other particles of the same sign as the body,

6In the analysis of the free phase we will need to prove that the conditions of Lemma 3.3 imply that a flow of
noninteracting at time t ≥ 0 positive particles remain free under dynamics.
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which even might form a cluster with the root but will stop interacting with the root particle
before the leading particle of the protocluster will reach them.

Remark 3.1 A simple calculation shows that particles of the same sign as the root might be
present between the body of the protocluster and its root only if they will make short inter-
actions with the particles from the body while with the root they will make long interactions.
Indeed, only in this case a new cluster can be created.

The boundaries of the body of a (proto)cluster might change with time when the particles
are moving (in the case of a protocluster) or the leading particle leaves it while some particles
join the cluster from the other side. At time t ≥ 0 by J t we denote the segment of the
configuration corresponding to the body of the (proto)cluster originally located at J := J 0.
If t = 0 we drop the time index to simplify the notation. The duration of time during which
the cluster exists (i.e. the number of particles in its body is not smaller than two and the
leading one is interacting with the same root particle) we call the life-time of the cluster J t

and denote by LT (J ). By the life-time of a protocluster we mean the duration of time until
the cluster formed by particles from the body of the protocluster ceases to exist. If during its
life-time the body of a (proto)cluster consists of only two particles (being present through
its entire life-time) we call it trivial and nontrivial in the opposite case. Clearly the life-time
of a trivial (proto)cluster is finite and depends only on the distance to the root. Therefore we
shall be interested only in the case of nontrivial (proto)clusters. Observe that the situation
described in Remark 3.1 corresponds to the trivial protocluster.

‘Attracting’ preceding particles, a (proto)cluster J plays a role similar to an attractor in
dynamical systems theory. Therefore it is reasonable to study it in a similar way and to intro-
duce the notion of its basin of attraction (notation BA(J )), by which we mean the minimal
segment of the configuration x containing all sites from where particles may eventually join
the (proto)cluster during its life-time.

Due to the duality between positive and negative particles it is enough to consider only
positive (proto)clusters. Let J = x[m′,m], m′ < m be the body of a positive (proto)cluster
having its root at site m′′ > m. To take into account the dynamics we use the notation J t =
xt [m′(t),m(t)] and m′′(t) > m(t) for the corresponding objects at time 0 ≤ t ≤ LT(J ). We
introduce two functionals depending on an integer parameter k < m′:

W(x[k,m]) := q(xm) +
m∑

i=k

w(xi), W ′(x[k,m]) := q(xm) +
m∑

i=k

w′(xi), (3.1)

where

w(z) :=
⎧⎨
⎩

τ + 1 if z > 0,

−τ if z < 0,

−1 otherwise,
w′(z) :=

⎧⎨
⎩

τ if z > 0,

−τ if z < 0,

−1 otherwise,

and q(z) is defined as the amount of time until the leading particle leaves the cluster, or
q(z) := τ in the case of a true protocluster. Thus q(z) = τ − z + 1 for the cluster with the
short root, and q(z) = τ − z + 2 for the cluster with the long root.

Denote by j (t) the largest integer non-exceeding m′(t) for which W(xt [j (t),m(t)]) = 0
or W(xt [j (t)−1,m(t)]) < 0, and by j ′(t) the largest integer non-exceeding m′(t) for which
W(xt [j ′(t),m(t)]) = 0 or W(xt [j ′(t) − 1,m(t)]) < 0. Note that both j (t) and j ′(t) might
take an infinite value.

The following result allows to control the left boundary of a BA.
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Theorem 3.1 x[j ′(t),m(t)] ⊆ BA(J t ) ⊆ x[j (t),m(t)] and j (t +1) ≥ j (t)+1, j ′(t +1) =
j ′(t) + 1.

Proof The proof of this theorem will be given through a series of lemmas, but before to do
this consider an example demonstrating that the boundaries j, j ′ might differ a lot and the
quantity j ′ − j even might take an infinite value. Consider a spatially periodic configuration
x with the main period containing three particles and three vacancies: + · · + · −. These
three particles represent a protocluster for which j (0) = −∞, j ′(0) = i − 2 where i stands
for the position of the 1st positive particle.

Lemma 3.2 The life-time of a cluster of positive particles is equal to the number of positive
particles in its BA multiplied by τ minus the state of the leading particle plus one in the
case of the short root or plus two in the case of the long root.

Proof The term “the number of positive particles in its BA multiplied by τ” describes the
amount of time before all particles in the BA will leave the cluster, assuming that the initial
state of the leading particle is one. Indeed, during the life-time of a cluster the current leading
particle is making continuously the short interaction with the root particle. After this the role
of the leading particle is going to the next particle in the original BA. The term “the state
of the leading particle plus one. . . ” takes into account the actual state of the leading particle
and the type of interactions with the root. �

Lemma 3.3 BA(J ) ⊆ x[j,m] and the life-time of the cluster J can be estimated from above
as the number of positive particles in x[j,m] multiplied by (τ + 1).

Proof Consider the segment I := x[j,m], set n := m − j + 1, and denote by N the number
of positive particles in this segment (which cannot be smaller than 2 by the definition of the
cluster) and by K the number of vacancies in it. Then the number of negative particles in this
segment is equal to n+ 1 −N −K . Assume contrary to our claim that there exists a particle
ξ located initially to the left from the site j which joins the cluster J := x[m′,m] during
its life-time. Since both vacancies and negative particles are moving to the left (opposite to
the movement of positive particles) the particle ξ must interact with all these vacancies and
negative particles before to join the cluster J . The amount of time necessary in order to do
this is at least t ′ := K + (n + 1 − N − K)τ . By the definition of the functional W(x[j,m])
and the parameter j we have

N(τ + 1) − K − (n + 1 − N − K)τ ≤ 0.

Using this inequality we estimate the time t ′ from above as N(τ + 1), which is larger than
the upper estimate Nτ +1 of the amount time during which all N positive particles will join
the cluster J and then leave it. Therefore the particle ξ cannot join the cluster J in time. We
came to the contradiction. �

Lemma 3.4 Let J be a nontrivial protocluster, then BA(J t ) ⊆ x[j (t),m(t)].

Proof Denote by ξ(t) the position at time t ≥ 0 of a particle being originally at time t = 0
to the left from the site j (0). Our aim is to show that ξ(t) < j (t) for any moment of time
t ≥ 0 until the cluster is formed. Whence it is formed we can use the result of Lemma 3.3.
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Observe that during the initial part of the life-time of a protocluster the leading particle
moves at rate one exchanging positions with vacancies until at time t1 it starts interacting
with the root. After this whence another particle from the body of the protocluster reaches
the leading one at time t2 > t1 the cluster is formed and one can apply Lemma 3.3 to get
the result. Therefore we are concerned only with these two initial parts of the dynamics of a
protocluster mentioned above.

During the time 0 ≤ t < t1 the leading particle is moving freely exchanging its position
with vacancies. Therefore

W(xt+1[j (t),m(t + 1)]) = W(xt [j (t),m(t)]) − 1,

because a new vacancy is taken into account while all already present particles and vacancies
contribute the same values as before.

Observe that the site j (t) cannot be occupied by a positive particle, otherwise

W(xt [j (t),m(t)]) ≥ τ + 1

and hence

W(xt [j (t) − 1,m(t)]) > 0

which contradicts to the definition of j (t). Thus the boundary j (t) moves at least at rate
one. On the other hand, the particle ξ also cannot move faster than at rate one. Therefore
ξ(0) ≤ j (0) implies that ξ(t) ≤ j (t) during the initial part of the life-time of a protocluster.

During the time t1 ≤ t < t2 the leading particle stays at the same site and thus there are
no new vacancies. However, the state of the leading particle is increasing at rate one which
plays exactly the same role and leads to the same result as in the previous case. �

To deal with the jammed phase we need to consider the lower bound for the BA. To this
end we apply the functional W ′ instead of W to show that the corresponding boundary is
located inside of the BA and that all particles from the corresponding segment must join the
cluster during its life-time.

Lemma 3.5 BA(J t ) ⊇ x[j ′(t),m(t)].

Proof The argument here is very similar to the one used in the proof of Lemma 3.4 with the
only difference that we need to show now that for any particle ξ(t) initially located in the
segment x[j (0),m(0)] we have ξ(t) ≥ j (t). In other words, that the boundary j (t) cannot
outran the particle ξ(t).

The state of the current leading particle of the cluster is increasing by one until it will ex-
change positions with the root particle. Therefore the value of the functional W ′ is decreas-
ing at rate one. Observe now that the site j ′(t) cannot be occupied by a positive particle
(otherwise W(xt [j ′(t),m(t)]) ≥ τ) and hence W ′(xt [j ′(t) − 1,m(t)]) ≥ 0 which contra-
dicts to the definition of j ′(t)). Thus the boundary j ′(t) moves at least by rate one. On the
other hand, the particle ξ also cannot move faster than at rate one. Therefore j (t) being
initially smaller than ξ(t) may outran the latter only if at some time t ′ it makes a jump
longer than one. This can happen only if there is i such that j (t ′ − 1) < i < m(t ′ − 1) and
W ′(xt [i,m(t ′ − 1)]) = 1. In this case one might expect that on the next time step we have
W ′(xt ′ [i,m(t ′)]) = 0. However this happens only if the segment xt ′ [i − 1, i] at time t ′ − 1
is occupied only by vacancies, which in turn means that W ′(xt ′ [i − 1,m(t ′ − 1)]) = 0 and
hence i − 1 = j (t ′). Thus long boundary jumps cannot take place. �
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This finishes the proof of Theorem 3.1. �

The functional W ′ is everywhere positive in the case of an infinite BA and is used to
calculate the second critical density corresponding to the beginning of the jammed phase:

ρτ − ρ̃τ − (1 −ρ − ρ̃) > 0 ⇒ ρ(1 + τ)− ρ̃(τ − 1) > 1 ⇒ ρ ′
c = 1 + ρ̃(τ − 1)

1 + τ
.

In the “intermediate phase” (see Sect. 6) and during the transient period of the free phase
there are no infinite life-time clusters but instead there might be recurrent ones, which are
appearing and disappearing again (in the intermediate phase) and finite life-time clusters
even in the eventually free phase. To calculate the corresponding critical density ρc we need
take into account that the duration of the long interaction is τ + 1 instead of τ . Therefore it
can be calculated using the functional W in which the weight of a positive particle is (τ +1)

but the weight of a negative particle is −τ . The condition W(x[m − n,m]) ≤ 0 for some
arbitrary large n gives

ρ(τ + 1) − ρ̃τ − (1 − ρ − ρ̃) > 0 ⇒ ρ(2 + τ) − ρ̃(τ − 1) > 1

⇒ ρc = 1 + ρ̃(τ − 1)

2 + τ
.

4 Duality Relations and Calculation of Average Velocities

In this section we discuss connections between dynamics of particles of different types.
A configuration (−x) ∈ X is said to be dual to x. This is indeed the case since the state

of each particle is inverted from positive to negative and vice versa. It is straightforward to
check that the dynamics of configurations xt and −xt are exactly the same except for the
direction of the particles movement. This type of relations we call duality and they allow
to simplify significantly the analysis of such systems. In particular we shall mainly discuss
properties of positive particles having in mind that the corresponding properties of negative
particles can be obtained by duality relations.

For a configuration x ∈ X with densities of positive and negative particles ρ(x) and ρ̃(x)

respectively denote by V (ρ, ρ̃) the average velocity (if it exists) of positive particles and by
Ṽ (ρ, ρ̃) the modulus of the average velocity of negative particles. By the duality between
positive and negative particles we have V (ρ, ρ̃) = Ṽ (ρ̃, ρ).

It turns out that the assumption about the existence of average velocities together with
some information about the structure of configurations allows to calculate the average ve-
locities in terms of particle densities.

Lemma 4.1 Assume that in a configuration x the densities and average velocities of both
types of particles are well defined and that positive particles move freely (i.e. except from
the interactions with negative particles). Then

V (ρ, ρ̃) = 1 − (τ − 1)ρ̃(V (ρ, ρ̃) + Ṽ (ρ, ρ̃)). (4.1)

Proof During the time t > 0 a positive particle will meet (V (ρ, ρ̃) + Ṽ (ρ, ρ̃)) ·
t ρ̃ + o(t) negative ones. The notation o(t) stands for a term which grows slower than t , i.e.
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o(t)/t
t→∞−→ 0. Thus taking into account that according to the assumption positive particles

never wait in clusters (which otherwise will give an additional contribution) we have:

V (ρ, ρ̃) · t = t − (τ − 1)(V (ρ, ρ̃) + Ṽ (ρ, ρ̃)) · t ρ̃ + o(t).

Dividing both sides of this relation by t and passing to the limit as t → ∞ we get the
result. �

Lemma 4.2 Assume additionally to the assumptions of Lemma 4.1 that negative particles
are free also. Then

V (ρ, ρ̃) = 1 + (τ − 1)(ρ − ρ̃)

1 + (τ − 1)(ρ + ρ̃)
. (4.2)

Proof By Lemma 4.1 we have

V (ρ, ρ̃) = 1 − (τ − 1)ρ̃(V (ρ, ρ̃) + Ṽ (ρ, ρ̃)),

Ṽ (ρ, ρ̃) = 1 − (τ − 1)ρ(V (ρ, ρ̃) + Ṽ (ρ, ρ̃)).

Denote v = V (ρ, ρ̃) + Ṽ (ρ, ρ̃). Then adding the above relations we get v = 2 − (τ − 1) ×
(ρ + ρ̃)v, which yields

v = 2

1 + (τ − 1)(ρ + ρ̃)

and hence

V (ρ, ρ̃) = 1 + (τ − 1)(ρ − ρ̃)

1 + (τ − 1)(ρ + ρ̃)
.

In particular,

V (ρ,ρ) = 1

1 + 2(τ − 1)ρ
. �

Lemma 4.3 Assume now that all negative particles are free but positive particles form infi-
nite life-time clusters. Then V (ρ) = 1

τ
( 1

ρ
− 1).

Proof According to our assumptions after at most τ + 1 time steps the leading particles
in the infinite life-time cluster will take part only in short interactions with the root of the
cluster. Consider now the flux of positive particles through the root of the cluster. According
to the argument above after at most τ + 1 iterations the flux become equal to 1/τ (i.e. after
each τ moments of time a leading particle from the cluster body exchanges positions with
the cluster root). Thus 1/τ = ρ(V (ρ, ρ̃) + Ṽ (ρ, ρ̃)) and hence V (ρ) = 1

τ
( 1

ρ
− 1). �

Observe that the difference between short and long interactions does not matter both in
the free and jammed phases because in the former it does not change the timing, while in
the latter in the steady state it cannot happen if the length of the jam is greater than 1 (there
are no gaps between particles in the cluster body).

The derivation of the average velocity in the free phase is based on the assumption that
Ṽ (ρ, ρ̃) describes the flow of noninteracting particles. If the density of negative particles is
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becoming large enough then they start interact between themselves. Assume that this density
is so large that the corresponding velocity belongs to the jammed region and hence

V (ρ, ρ̃) = 1 − (τ − 1)(V (ρ, ρ̃) + Ṽ (ρ, ρ̃))ρ̃,

Ṽ (ρ, ρ̃) = 1

τ

(
1

ρ̃
− 1

)
.

Then V (ρ, ρ̃) = 1/τ which does not depend on the particle density and corresponds to
the case when all the time a positive particle interacts with negative ones, i.e. the negative
particles form an infinite life-time cluster. Clearly this means that if a configuration belongs
to Free∞

+ ∩ Jam∞
− then the average velocity of positive particles is equal to 1/τ .

5 Proof of Theorems 1.2 and 1.1

Proof These results will be proven more or less simultaneously through a series of technical
lemmas.

Lemma 5.1 Let a configuration x satisfies the condition

(τ + 2)ρ(x) − (τ − 1)ρ̃(x) < 1. (5.1)

Then only finite life-time (proto)clusters may be present in the configuration x. Moreover,
there exists a partition of the integer lattice into nonoverlapping BAs of these finite life-time
(proto)clusters and their complements.

Proof Assume on the contrary that there is a (proto)cluster J = x[m′,m] with an infinite
BA. By Theorem 3.1 and the definition of the functional W for any integer n > 1 we have
W(x[m − n,m]) > 0. Rewriting this inequality in terms of particle densities we get

q(xm) + (τ + 1)nρ(x, [m − n,m − 1]) − τnρ̃(x, [m − n,m − 1])
− n(1 − ρ(x, [m − n,m − 1]) − ρ̃(x, [m − n,m − 1])) > 0.

Dividing by n and passing to the limit as n → ∞ we obtain

(τ + 2)ρ(x) − (τ − 1)ρ̃(x) ≥ 1,

which contradicts to the assumption (5.1).
To prove the second claim we need to demonstrate that the finite BAs cannot be infinitely

nested. The latter means that there exists a sequence of (proto)clusters {Jn}n and an integer
N such that for any n > N we have BA(Jn) ⊃BA(JN). If this would be the case a positive
particle located initially to the right of JN will never become free despite the amount of time
it spends in each of the clusters is finite.

Assume that such an infinitely nested sequence of (proto)clusters {Jn}n does exist. Then
for some m ∈ Z and any integer n > 1 by Theorem 3.1 we have W(x[m,m + n]) > 0.
Rewriting this in terms of particle densities we get

q(xm+n) + (τ + 1)nρ(x, [m,m + n − 1]) − τnρ̃(x, [m,m + n − 1])
− n(1 − ρ(x, [m,m + n − 1]) − ρ̃(x, [m,m + n − 1])) > 0.
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Exactly as in the previous case we divide this inequality by n and after passing to the limit
as n → ∞ we come to the contradiction to the assumption (5.1). �

Remark The importance of the 2nd claim of Lemma 5.1 is that it might be possible that
all clusters have only finite life-times but a particle is joining them one after another and is
never becoming free.

Lemma 5.2 Let a configuration x satisfy the conditions of Lemma 5.1. Then any positive
particle after some initial transient period will stop interacting with other particles of the
same sign (i.e. will become free).

Proof By the previous Lemma there exists a partition of the integer lattice into nonoverlap-
ping BAs of finite life-time (proto)clusters and their complements. Choose one of these BAs
and consider a particle ξ located originally immediately before this BA. By the definition of
the BA the particle ξ does not belong to any BA of (proto)clusters located ahead of it and
hence it will never join any cluster of positive particles. �

Results of Lemmas 5.1, 5.2 prove claims (a, b) of Theorem 1.1.

Lemma 5.3 Let a configuration x satisfy the condition

(τ + 1)ρ(x) − (τ − 1)ρ̃(x) > 1. (5.2)

Then for each N ∈ Z there is an infinite life-time (proto)cluster in x located to the right from
the site N .

Proof Fix some N ∈ Z and assume on the contrary that any positive particle in x located at
a site i > N is either free or belongs to a finite life-time (proto)cluster.

Thus there exists a sequence of finite BAs of (proto)clusters Jk such that BA(Jk) ⊇
[j ′

k,mk] and j ′
k < mk < j ′

k+1 < mk+1
k→∞−→ ∞. By the definition of j ′

k for any � > 1 we have

�∑
k=1

W ′(x[j ′
k,mk]) < 0.

Between the segments [j ′
k,mk] there might be some additional positive particles not be-

longing to any BA and thus each of them satisfies the condition that either the number of
vacancies immediately ahead of it exceeds τ or it is preceded by a negative particle. In both
cases (as well if there are additional negative particles) the value of the functional W ′ on the
complete segment [j ′

1,m�] instead of the union of segments [j ′
k,mk] is again negative.

Denoting m := j ′
1, n� := m� − j ′

1 and rewriting the inequality W ′(x[m,m+ n� − 1]) ≤ 0
in terms of particle densities we get

q(xm+n�
) + (τ + 1)nρ(x, [m,m + n� − 1]) − τnρ̃(x, [m,m + n� − 1])

− n(1 − ρ(x, [m,m + n� − 1]) − ρ̃(x, [m,m + n� − 1])) < 0.

Dividing this inequality by n and passing to the limit as � → ∞ we obtain

(τ + 1)ρ(x) − (τ − 1)ρ̃(x) ≤ 1.

Thus we came to the contradiction to the assumption (5.2). �
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Claims (c, d) of Theorem 1.1 follow from this result.
In the hysteresis phase the protoclusters might be present, which makes the main differ-

ence to the free phase. Moreover, it might be possible that despite the protoclusters have only
finite life-times their BAs are infinitely nested which prevents positive particles to become
free eventually.

Now we are ready to prove Theorem 1.2.
We start with the case (ρ(x), ρ̃(x)) ∈ A. Then the particle densities satisfy the system of

inequalities

(τ + 2)ρ < 1 + (τ − 1)ρ̃,

(τ + 2)ρ̃ < 1 + (τ − 1)ρ.

By Lemma 5.2 and the first of these inequalities all positive particles will eventually become
free. On the other hand, applying the duality relation together with the second inequality, by
Lemma 5.2 we get the same property for negative particles. Therefore exact relations for the
average velocities (V (x), Ṽ (x)) follow from Lemma 4.2.

Assume now that (ρ(x), ρ̃(x)) ∈ C. Then

(τ + 1)ρ > 1 + (τ − 1)ρ̃,

(τ + 2)ρ̃ < 1 + (τ − 1)ρ.

The first of these inequalities implies by Lemma 5.3 that in the configuration x there are
infinitely many infinite life-time (proto)clusters of positive particles, while from the second
inequality it follows that all negative particles will eventually become free. Thus some neg-
ative particle will become a short root of an infinite life-time cluster and from that moment
of time will move exactly by one site in τ time steps (exchanging positions with positive
particles from the body of the cluster). Now since the average velocity is well defined for a
single particle, by Lemma 2.4 the same result holds for all particles of the same sign and thus
Ṽ (x) = 1/τ . Once we get this we obtain the relation for the average velocity for positive
particles by the duality relation.

The case (ρ(x), ρ̃(x)) ∈ B is considered similarly to the previous one, except for in this
case positive particles get the average velocity 1/τ .

Theorems 1.2 and 1.1 are proven. �

6 Hysteresis Region

Our previous results are concerned with the behavior of configurations in “pure” free and
jammed phases. Now we shall show that in the region H located between these phases (see
Fig. 1 (right)) the coexistence of free and jammed configurations takes place. In other words
in this region there might be both freely moving and jammed configurations with the same
particle densities. Due to the duality between positive and negative particles in what follows
we consider only the case when ρ ≥ ρ̃.

Lemma 6.1 Configurations from the set Free∞
+ are dense in H+ := {(ρ, ρ̃) ∈ H : (τ +1)ρ ≤

1 + (τ − 1)ρ̃}.
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Proof Consider a family of spatially periodic configurations parameterized by nonnegative
integers n,m,k1, . . . , kn (only one spatial period is shown):

(τ+1)n+2N︷ ︸︸ ︷+ · · ·︸︷︷︸
τ+2k1

+ · · ·︸︷︷︸
τ+2k2

. . . + · · ·︸︷︷︸
τ+2kn

2m︷ ︸︸ ︷+−︸︷︷︸ +−︸︷︷︸ . . . +−︸︷︷︸ (6.1)

Setting N := ∑n

i=1 ki the length of the period can be written as (τ + 1)n + 2(m + N). The
value τ + 2ki is equal to the duration of the short interaction plus an arbitrary even number.
This guarantees that only short interactions may take place under dynamics. On the other
hand, the number of vacancies between consecutive positive particles is not smaller than τ ,
which implies that for any ki a positive particle cannot catch up with another positive particle
(since only short interactions may take place). Therefore x ∈ Free+.

Let a configuration x belongs to the family (6.1). Then

ρ(x) = n + m

(τ + 1)n + 2(m + N)
=: r(n,m,N),

ρ̃(x) = m

(τ + 1)n + 2(m + N)
=: r̃(n,m,N).

Observe now that for any u,v, z ≥ 0 such that u + v > 0 the identities

r(u, v, z) ≡ r

(
u

u + v
,

v

u + v
,

z

u + v

)
, r(u, v, z) ≡ r

(
u

u + v
,

v

u + v
,

z

u + v

)

hold true and that

1 + (τ − 1)r̃(u, v, z) − (τ + 1)r(u, v, z) = 2z

(τ + 1)u + 2(v + z)
≥ 0.

Therefore the “right” boundary of the region H (corresponding to the case z = 0) contains
configurations from Free+. Moreover, the points on the “right” boundary for which the above
representation takes place are dense. Additionally we see that these functions decay with
respect to each their argument. Therefore for a given pair or real numbers u,v ≥ 0, u +
v > 0 the pair of functions (r(u, v, z), r̃(u, v, z)), considered as functions of the third real
argument z, parameterizes a curve Ru,v(z) := (r(u, v, z), r̃(u, v, z)) which starts (when z =
0) at some point on the “right” boundary of H and goes through H until it reaches the “left”
boundary.

For d ≥ 1 denote �d((u1, . . . , ud), (u
′
1, . . . , u

′
d)) := ∑

i |ui − u′
i |. Then

�2(Ru,v(z),Ru′,v′(z′)) ≤ 2τ�3((u, v, z), (u′, v′, z′))
(u + v + z)(u′ + v′ + z′)

(6.2)

for any pair of triples (u, v, z), (u′, v′, z′). Therefore the curves Ru,v with u,v ∈ R+ ∪ {0}
fill in the entire region H+.

It remains to show that for any real (ρ, ρ̃) ∈ H+ and any ε > 0 there exists a triple of
nonnegative integers (n,m,N) such that

�2((ρ, ρ̃),Rn,m(N)) < ε.

To do this set n′ := Kρ

ρ+ρ̃
, m′ := Kρ̃

ρ+ρ̃
. Then for any K > 0 the curve Rn′,m′ goes through

the point (ρ, ρ̃) at some real parameter value N ′. Since points on the “right” boundary of
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H represented by integer values of (n,m,N) are dense we may choose two sequences of

nonnegative integers {nk}, {mk} k→∞−→ ∞ such that

�2(Rn′,m′(0),Rnk,mk
(0))

k→∞−→ 0.

Therefore setting

u′ := ρ

ρ + ρ̃
, v′ := Kρ̃

ρ + ρ̃
, z′ := N ′

n′ + m′ ;

uk := nk

nk + mk

, vk := mk

nk + mk

, zk := N

nk + mk

;

we get

�2((uk, vk), (u
′, v′)) k→∞−→ 0.

Using (6.2) we obtain

�2(Ruk,vk
(zk),Ru′,v′(z′)) ≤ 2τ�3((uk, vk, zk), (u

′, v′, z′)
(1 + zk)(1 + z′)

≤ 2τ(�2((uk, vk), (u
′, v′)) + |zk − z′|).

Therefore the curves Rnk,mk
come arbitrary close to the point (ρ, ρ̃) as k → ∞ at some

integer parameter values N , for which

|zk − z′| k→∞−→ 0

and this finishes the proof. �

To study the “left” boundary of H consider another family of spatially periodic configu-
rations:

(τ+2)n+2N︷ ︸︸ ︷+ · · ·︸︷︷︸
τ+1+2k1

+ · · ·︸︷︷︸
τ+1+2k2

. . . + · · ·︸︷︷︸
τ+1+2kn

3m︷ ︸︸ ︷+ · −︸ ︷︷ ︸ + · −︸ ︷︷ ︸ . . .+ · −︸ ︷︷ ︸ (6.3)

The notation here is the same as for the family (6.1) and the length of the period is equal
to (τ + 2)n + 2(m + N). A direct check shows that again in this family both positive and
negative particles are free. The difference is the absence of long interactions under dynamics
for configurations from (6.1) and their inevitable presence for configurations from (6.3) for
an arbitrary large time. If a configuration x belongs to the family (6.3) then

ρ(x) = n + m

(τ + 2)n + 2(m + N)
, ρ̃(x) = m

(τ + 2)n + 2(m + N)
.

Setting again N = 0 we obtain the “left” boundary of H , namely

(τ + 2)ρ(x) ≡ 1 + (τ − 1)ρ̃(x).

On the other hand, for the first family

1 ≥ (ρ − ρ̃)(τ + 1) + 2ρ̃ ⇒ ρ ≤ 1 + ρ̃(τ − 1)

τ + 1
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while for the second family

1 ≥ (ρ − ρ̃)(τ + 2) + 3ρ̃ ⇒ ρ ≤ 1 + ρ̃(τ − 1)

τ + 2
.

Comparing these inequalities with the critical densities ρ ′
c and ρc we see that the family

(6.3) belongs to the free phase while the family (6.1) does not belong there.
It remains to show that in this region there are jammed (for all times) configurations as

well. According to Lemma 5.1 the inequality (5.1) (defining the “right” boundary of H+)
guarantees the absence of infinite life-time (proto)clusters in H . This, together with the
denseness of densities corresponding to free configurations in H (see Lemma 6.1) explains
the subtlety of this problem: one needs to find configurations having only (proto)clusters of
arbitrary large but finite life-time. To understand how this can happen consider the dynamics
of a spatially periodic configuration x ∈ X with τ = 2:

100011̃11̃
010022̃22̃
00101̃11̃1
10202̃22̃0
01303̃1̃10
011̃011̃01
122̃022̃00
11̃101̃100
22̃202̃010
1̃1303̃001
2̃11̃01002
122̃00101̃

Using the notation introduced in the proof of Lemma 6.1 we have n = 3,m = 2,N = 3.
Thus r(n,m,N) = 3/8, r̃(n,m,N) = 1/4 and hence

(τ + 1)r(n,m,N) = 9/8 < 1 + (τ − 1)r̃(n,m,N) = 5/4 < (τ + 2)r(n,m,N) = 3/2,

i.e. x belongs to the region H . During the dynamics each positive particle in turn7 makes
short and long interactions with negative ones. Finite (proto)clusters are present for all time.
On the other hand only trivial life-time clusters are present (at moments of time when one of
positive particles catches up with another), hence the configuration in this example does not
belong to the jammed phase. Nevertheless at any moment of time there are infinitely nested
BAs of trivial protoclusters.

Our numerical simulations, which were carried out for a broad region of spatial periods L

(up to L = 200) indicate that for each spatial period L for all pairs of positive integers n,m

for which n + m < L and (r(n,m,L − n − m), r̃(n,m,L − n − m)) ∈ H there were con-
figurations with only trivial (proto)clusters for arbitrary large time. This allows to formulate
the following

Hypothesis For each pair of densities belonging to the region H there exists an admissi-
ble configuration having positive and negative particles with these densities for which only
trivial (proto)clusters are present for arbitrary large time.

7The sequence of types of interactions for a single particle is periodic but may be arbitrary.
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For spatially periodic configurations the existence of average velocities follows from the
obvious time-periodicity of the dynamics of particles. However in the general case this is
not proven. Moreover, without the assumption about the existence of particle densities one
can construct configurations for which average velocities do not exist.

7 Dynamics of an Active Tracer

To model the motion of an active tracer in the traffic flow we add to the flow a single particle
(representing the tracer). If the tracer moves in the same direction as the flow we think about
this particle as having the same sign as particles of the flow, and having the opposite sign
when the tracer moves against the flow. In distinction to the passive tracer studied in [5]
the active one changes the behavior of the flow due to interactions with other particles.
Clearly a single positive particle added to the flow of positive particles do not change its
asymptotic behavior. On the other hand the case when the tracer moves against the flow is
equivalent to the model discussed in this paper with zero density of positive particles (tracer)
and a certain density of negative particles (the flow). According to Theorem 1.2 we get the
following average velocity of the active tracer as a function of the density of the flow ρ:

V+(ρ) =
{

1 if 0 ≤ ρ ≤ 1/2,

1/ρ otherwise,

V−(ρ) =
{

1−(τ−1)ρ

1+(τ−1)ρ
if 0 ≤ ρ < 1

τ+2 ,
1
τ

if 1
τ+1 < ρ ≤ 1.

Here the average velocity V+(ρ) corresponds to the case when the tracer moves in the same
direction as the flow, while V−(ρ) describes the case when the tracer moves in the opposite
direction. Figure 2 shows that there is a region of flow densities when it is more advanta-
geous to move against the flow than along it. The explanation is that in high density region
the time necessary to exchange positions with a particle moving in the opposite direction is
becoming smaller than the time a particle from the flow spends in inevitably being present
large clusters.

Fig. 2 Dependence of the
average velocity of the active
tracer V± on the particle density
ρ. V+—along the flow (thick
line), V−—against it (thin line)
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8 Configurations Having No Particle Densities

So far we were discussing statistical properties of configurations for which both positive
and negative particle densities are well defined. In general one or both of these densities
might be not well defined and one needs to deal with lower and upper densities. Recall that
Lemma 2.1 claims their invariance with respect to dynamics. The following result extends
the description of the Phase diagram for this more general case.

Theorem 8.1 Let x ∈ X. If

(a) (τ + 2)ρ+(x) < 1 + (τ − 1)ρ̃−(x) then x ∈ Free∞
+ .

(b) (τ + 2)ρ̃+(x) < 1 + (τ − 1)ρ−(x) then x ∈ Free∞
− .

(c) (τ + 1)ρ−(x) > 1 + (τ − 1)ρ̃+(x) then x ∈ Jam∞
+ .

(d) (τ + 1)ρ̃−(x) > 1 + (τ − 1)ρ+(x) then x ∈ Jam∞
− .

The proof is similar to the proof of Theorem 1.1 and therefore we skip it.
In distinction to the case when the densities are well defined, here we cannot prove the

existence of average velocities. Instead one considers upper and lower particle velocities for
which it is possible to get a representation of the same sort as in Theorem 1.2.

Acknowledgement The author would like to thank the referees for valuable suggestions and comments.

References

1. Adams, D.A., Schmittmann, B., Zia, R.K.P.: Coarsening of “clouds” and dynamic scaling in a far-from-
equilibrium model system. Phys. Rev. E 75, 041123 (2007)

2. Aertsens, M., Naudts, J.: Field-induced percolation in a polarized lattice gas. JSP 62(3–4), 609–630
(1991)

3. Blank, M.: Variational principles in the analysis of traffic flows. (Why it is worth to go against the flow.)
Markov Processes Relat. Fields 6(3), 287–304 (2000)

4. Blank, M.: Dynamics of traffic jams: order and chaos. Mosc. Math. J. 1(1), 1–26 (2001). arXiv:mp-arc/
01-40

5. Blank, M.: Ergodic properties of a simple deterministic traffic flow model. J. Stat. Phys. 111(3–4), 903–
930 (2003). arXiv:math.DS/0206194

6. Blank, M.: Hysteresis phenomenon in deterministic traffic flows. J. Stat. Phys. 120(3–4), 627–658
(2005). arXiv:math.DS/0408240

7. Chowdhury, D., Santen, L., Schadschneider, A.: Statistical physics of vehicular traffic and some related
systems. Phys. Rep. 329, 199–329 (2000)

8. Evans, M.R., Levine, E., Mohanty, P.K., Mukamel, D.: Modelling one-dimensional driven diffusive sys-
tems by the Zero-Range Process. arXiv:cond-mat/0405049

9. Evans, M.R., Kafri, Y., Levine, E., Mukamel, D.: Phase transition in a non-conserving driven diffusive
system. Physica A 35, L433 (2002)

10. Evans, M.R., Majumdar, S.N., Zia, R.K.P.: Canonical analysis of condensation in factorised steady state.
J. Stat. Phys. 123, 357–390 (2006)

11. Georgiev, I.T., Schmittmann, B., Zia, R.K.P.: Cluster growth and dynamic scaling in a two-lane driven
diffusive system. J. Phys. A 39, 3495 (2006)

12. Georgiev, I.T., Schmittmann, B., Zia, R.K.P.: Anomalous nucleation far from equilibrium. Phys. Rev.
Lett. 94, 115701 (2005)

13. Godreche, C., Levine, E., Mukamel, D.: Condensation and coexistence in a two-species driven model. J.
Phys. A Math. Gen. 38, L523–L529 (2005)

14. Gray, L., Griffeath, D.: The ergodic theory of traffic jams. J. Stat. Phys. 105(3/4), 413–452 (2001)
15. Jafarpour, F.H.: Exact solution of an exclusion model in the presence of a moving impurity on a ring.

J. Phys. A Math. Gen. 33, 8673–8680 (2000)
16. Kafri, Y., Levine, E., Mukamel, D., Schutz, G.M., Willmann, R.D.: Phase-separation transition in one-

dimensional driven models. Phys. Rev. E 68, 035101 (2003)

http://arxiv.org/abs/arXiv:mp-arc/01-40
http://arxiv.org/abs/arXiv:mp-arc/01-40
http://arxiv.org/abs/arXiv:math.DS/0206194
http://arxiv.org/abs/arXiv:math.DS/0408240
http://arxiv.org/abs/arXiv:cond-mat/0405049


796 M. Blank

17. Kafri, Y., Levine, E., Mukamel, D., Schutz, G.M., Torok, J.: Criterion for phase separation in one-
dimensional driven systems. Phys. Rev. Lett. 89, 035702 (2002)

18. Kafri, Y., Levine, E., Mukamel, D., Torok, J.: Sharp crossover and anomalously large correlation length
in driven systems. J. Phys. A 35, L459 (2002)

19. Katz, S., Lebowitz, J.L., Spohn, H.: Phase transitions in stationary non-equilibrium states of model lattice
systems. Phys. Rev. B 28, 1655–1658 (1983)

20. Korniss, G., Schmittmann, B., Zia, R.K.P.: Long-range order in a quasi one-dimensional non-equilibrium
three-state lattice gas. Europhys. Lett. 45, 431 (1999)

21. Maerivoet, S., De Moor, B.: Cellular automata models of road traffic. Phys. Rep. 419(1), 1–64 (2005).
arXiv:physics/0509082

22. Nagel, K., Schreckenberg, M.: A cellular automaton model for freeway traffic. J. Phys. I France 2, 2221–
2229 (1992)

23. Shaw, L.B., Zia, R.K.P., Lee, K.H.: Modeling, simulations, and analyses of protein synthesis: driven
lattice gas with extended objects. Phys. Rev. E 68, 021910 (2003)

http://arxiv.org/abs/arXiv:physics/0509082

	Travelling with/against the Flow.  Deterministic Diffusive Driven Systems
	Abstract
	Introduction
	The Model
	Dynamics of (Proto)clusters and Their Basins of Attraction (BA)
	Duality Relations and Calculation of Average Velocities
	Proof of Theorems 1.2 and 1.1
	Hysteresis Region
	Dynamics of an Active Tracer
	Configurations Having No Particle Densities
	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


